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Abstrat
Classial sine-Gordon theory on a strip with integrable boundary onditions is
onsidered analyzing the stati (ground state) solutions, their existene, energy and
stability under small perturbations. The lassial analogue of Bethe-Yang quantiza-
tion onditions for the (linearized) rst breather is derived, and the dynamis of the
ground states is investigated as a funtion of the volume. The results are shown to be
onsistent with the expetations from the quantum theory, as treated in the perturbed
onformal eld theory framework using the trunated onformal spae method and
thermodynami Bethe Ansatz. The asymptoti form of the nite volume orretions
to the ground state energies is also derived, whih must be regarded as the lassial
limit of some (as yet unknown) Lüsher type formula.
1 Introdution
Sine-Gordon theory is known as the prime example of integrable eld theory, and has been
the subjet of many investigations. In partiular, it is well understood on the half line with
an integrable boundary potential (or boundary ondition of the Ghoshal-Zamolodhikov
type [1℄).
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In the ase of two-dimensional (mostly integrable) theories it is of muh interest to
onsider their dynamis in nite spatial volume (strip or irle), sine nite size eets (fol-
lowing the ideas put forward by Lüsher [2℄ for the ase of generi quantum eld theories)
provide a very interesting link between dierent desriptions of the system. Integrability,
being based on the existene of loal onserved quantities, is generally preserved by passing
from the innite volume system to a irle, or to a strip with boundary onditions at the
two ends that are both integrable in a semi-innite system. Besides that, sine-Gordon
theory on the strip is also interesting as a desription of ertain ondensed matter systems
[3, 4, 5, 6, 7℄.
In the ase of sine-Gordon theory with boundaries, suh investigations so far mainly
aimed to onnet the exat sattering matries derived from the bootstrap (infrared data)
to the perturbed onformal eld theory desription (ultraviolet data). The main tools used
to establish this relation are Bethe Ansatz based (TBA, NLIE) or trunated onformal
spae (TCS). While there is a great wealth of information provided by these approahes,
it is of interest to examine the dynamis of the system from an intuitive, eld-theoreti
point of view, whih takes the lassial Lagrangian as its starting point and is the goal of
the present work.
This approah starts with the lassiation of lassial ground states (vaua) of the
system, whih are identied with stati solutions of the eld equations with appropriate
boundary onditions at the ends of the strip. This is followed by an investigation of the
stability of these states under linearized osillations of the eld. It is very important
to realize that beyond providing information on stability, these small osillations an be
assoiated with the lassial limit of the elementary partile of sine-Gordon theory, whih
is the rst breather, therefore their examination gives information on the lassial limit of
one-partile states ontaining a rst breather on the strip. In addition, the stability analysis
forms the basis of semilassial quantization of the ground states on the strip (similarly to
the ase of periodi boundary onditions disussed in [8℄), but we do not attempt to solve
this problem in this paper. Instead, we shall be mainly interested in the relation between
the very intuitive, visual piture of the nite volume dynamis provided by this approah
to the more abstrat, algebrai desription provided by Bethe Ansatz and TCS methods.
The outline of the paper is as follows. In Setion 2 we overview some general fats about
the semi-innite system, in partiular the semilassial quantization of ground states dis-
ussed in [9℄, whih are needed later. Setion 3 outlines general properties of the system
on a strip, espeially onerning the large volume limit. In Setion 4 we present a system-
ati investigation of the ase with Dirihlet boundary onditions at both ends of the strip,
sine it allows us to larify all oneptual issues in a very transparent way. In Setion 5
we present another ase with a Dirihlet boundary ondition at one end and a speial per-
turbed Neumann boundary ondition at the other. Armed with all the lessons we learned
from these two ases, Setion 6 presents a disussion of the generi ase. Conlusions are
presented in Setion 7, while two tehnial issues are relegated to appendies: Appendix A
ontains the desription and parameterization of the lassial limit of the reetion matrix
of the rst breather, and Appendix B ontains some numerial work on the infrared limit
of the energy levels.
2
2 Sine-Gordon theory on the half line
The sine-Gordon theory in the bulk is desribed by the Lagrange density:
LSG(x, t) = 1
2
(∂µΦ(x, t))
2 − V (Φ(x, t))
where the potential is:
V (Φ) =
m2
β2
(1− cos βΦ) = 2m
2
β2
sin2
βΦ
2
≥ 0
Consider the restrition of this theory onto the negative half line, with the (bulk) ation
A =
∫ ∞
−∞
dt
∫ 0
−∞
dx LSG(x, t) .
Integrable boundary onditions orrespond either to xing the value of the eld at the
origin (Dirihlet BC)
Φ(x, t)|x=0 = ΦD0
or introduing a boundary potential of the form (perturbed Neumann BC)
V
(z)
B (Φ(z, t)) = Mz
[
1− cos β
2
(Φ(z, t) − Φz)
]
, z = 0 . (2.1)
The Dirihlet BC with ΦD0 = Φ0 an be reovered from it by taking the M0 →∞ limit.
The semilassial analysis of the stati solutions in the perturbed Neumann ase was
performed in [9℄. Although all the results for the Dirihlet ase an be obtained from it in
theM0 →∞ limit for pedagogial reasons, and beause the expliit expressions are needed
later, we spell out the details here and refer for the general ase to [9℄.
Using the various bulk symmetries of the model [10℄ the fundamental range of the
parameter ΦD0 turns out to be
0 ≤ β
2
ΦD0 ≡ ϕ0 ≤
π
2
Stati solutions of the equation of motions satisfying the appropriate boundary onditions
an be obtained by integrating the stati equation of motions:
∂2xΦ =
m2
β
sin βΦ −→ 1
2
(∂xΦ)
2 = Cˆ +
m2
β2
(1− cos βΦ) (2.2)
Introduing a time variable t = −mx and an angular oordinate q = βΦ, this system
desribes a pendulum of total energy Cˆ. The energy of a stati solution is given by
E[Φ(x)] =
∫ 0
−∞
dx
(
1
2
(∂xΦ)
2 + V (Φ(x))
)
+ VB (Φ(0))
and the requirement of having nite energy solutions in the eld theory xes the boundary
ondition q(t = ∞) = 2πn, i.e. Cˆ = 0. This system is idential to a lassial partile of
unit mass moving in the potential cos q − 1 as shown on the gure:
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The boundary ondition gives the starting position q(t = 0) = 2ϕ0. There are two
solutions satisfying the boundary onditions whih desribe a partile arriving at one of
the two nearest potential maxima in innite time.
The sine-Gordon analogue of this piture is a soliton (+) or an anti-soliton (-) standing
at a partiular position:
ϕ
0
pi
0
2
pi
0
ϕ
0
2
pi
pi
Φ+
(
x, a+
)
=
4
β
arctan
(
em(x−a
+)
)
; Φ−
(
x, a−
)
=
2π
β
− 4
β
arctan
(
em(x−a
−)
)
where sinh(ma±) = ± cot(ϕ0). The energies of these two solutions are
E±(ϕ0) =
4m
β2
(1∓ cosϕ0) (2.3)
and they approah their asymptotis at x→ −∞ exponentially fast:
Φ+
(
x, a+
)
= O
(
e−m|x|
)
, Φ−
(
x, a−
)
=
2π
β
+O
(
e−m|x|
)
as x→ −∞. (2.4)
The quantum orretions to these energies an be obtained by analyzing the small
utuations around the appropriate bakgrounds:
[
− d
2
dx2
+m2 − 2m
2
cosh2(m[x− a±])
]
ξ±(x) = ω
2ξ±(x) ; ξ±(0) = 0 .
The solutions onsist of a disrete and a ontinuous spetrum.
Introduing ǫ ≥ 0 as ω2 = m2(1− ǫ2) the normalizable modes of the disrete spetrum
are
ξ±(x) ∝ emǫ(x−a±)(ǫ− tanh[m(x− a±)]),
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where from the boundary ondition we have ǫ = ∓ cosϕ0. Clearly we have a disrete mode
only for the anti-solitoni ground state whih in the light of [9℄ orresponds to a boundary
exited state.
The ontinuous spetrum an be desribed in terms of q ≥ 0 (ω2 = m2 + q2) as
ξ±(x) = A˜±e
−iq(x−a±) iq +m tanh(m[x− a±])
iq +m
+ B˜±e
iq(x−a±) iq −m tanh(m[x− a±])
iq −m
and the ratios A˜±/B˜± are determined by the boundary onditions at x = 0. The asymptoti
form of the utuations (x→ −∞) has the following form:
ξ±(x)→ C±(eiqx + e−iqxeiδ±(q)) (2.5)
It has an interpretation that the elementary exitation, the linearized form of the rst
breather, reets bak from the boundary with lassial reetion oeient:
eiδ
±(q) =
m− iq
m+ iq
± cosϕ0 + iqm
∓ cosϕ0 + iqm
.
Observe that the disrete mode an be obtained from the boundary ondition dependent
pole term of the reetion fator and it has an interpretation as the rst breather bound
to the boundary. The other pole singularity is of kinematial origin.
The semilassial orretion to the energy levels an be obtained by summing up the
frequenies of these utuations. By performing the appropriate ultraviolet regularization
[9℄ at the same time we arrive at the nal answer:
Esemiclass+ (ϕ0)−Esemiclass− (ϕ0) = m
(
8
β2
− 1
π
)
cosϕ0 +m
(
1
2
− ϕ0
π
)
sinϕ0
These result, namely the energy of the exited boundary state, the reetion fator of the
rst breather and the energy dierenes are in omplete agreement with the lassial limit
of the quantum results, given in appendix A, if we make the identiation ϕ0 = ηcl between
the parameters.
The system dened on the positive half line an be obtained from the previous one by
the P : x→ −x parity transformation. See [11℄ for the details of how the two systems are
related. Clearly the roles of the solitons and anti-solitons are exhanged.
3 Finite volume: general onsiderations
3.1 Stati (vauum) solutions
Now we onsider sine-Gordon theory restrited onto a strip with two integrable boundary
onditions. The ation in the general ase has the form
A =
∫ ∞
−∞
dt
[∫ L
0
dx LSG(x, t) + V (0)B (Φ(0, t))− V (L)B (Φ(L, t))− α
∂Φ(L, t)
∂t
]
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The last term (proportional to α) is allowed by integrability, and on the strip - in ontrast
to the theory on the half line - it annot be eliminated from the ation by an appropri-
ate gauge transformation [12℄. Sine this term is a total time derivative, it gives no
ontribution to the lassial equations of motion, and we omit it in the sequel.
The equations of motion and the boundary ondition are
∂2tΦ− ∂2xΦ+
m2
β
sin βΦ = 0
∂xΦ|x=z = −βMz
2
sin
β
2
(Φ(z, t)− Φz) , z = 0, L
Dirihlet boundary onditions again an be obtained as limits in whih Mz → ∞ at the
appropriate end of the strip.
Ground states (vaua) of the model on a strip are stati solutions of the equations of
motion, i.e. ∂tΦ = 0. It an be easily veried that suh solutions provide extrema of the
stati energy funtional
E[Φ(x)] =
∫ L
0
dx
(
1
2
(∂xΦ)
2 + V (Φ(x))
)
− V (0)B (Φ(0)) + V (L)B (Φ(L)) (3.1)
Using the rst integral (2.2), the solution, φ(x), an be written in the general form
x =
∫ φ(x)
Φ(0)
du
±
√
2
(
V (u) + Cˆ
) (3.2)
The sign ambiguity must be xed from a more detailed analysis whih is disussed later.
The two integration onstants Φ(0) (the value of the eld at x = 0) and Cˆ are xed by the
boundary onditions and the volume. This integral an be written in terms of Weierstrass
p-funtion (see expliit examples later).
It is obvious that E[Φ(x)] is bounded from below. In addition, the potential terms are
also bounded and in fat periodi under Φ(x)→ Φ(x) + 4π/β. These properties guarantee
that there always exists at least one stati solution, but we shall see that in many ases
there are in fat two dierent ones (solutions related by a period shift will be onsidered
the same).
Let us onsider the limit L→∞. In that ase nite energy requires that
Φ(x)→ 2πn
β
for any x far away from the endpoints x = 0 and x = L. Due to (2.4), we an approximate
the solution by sewing together two vauum solutions, orresponding to imposing the
boundary onditions at x = 0 (x = L) on a semi-innite system on the half line. In this
way we get the nite volume solution up to a preision of exp(−mL), (higher preision will
be desribed later on), but there is a ondition that the asymptoti values of the left and
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right solutions must math eah other. The mathing ondition leads to some seletion
rules: not all possible pairings of boundary states an be realized on a strip. The seletion
rules an be desribed as follows. The general boundary exited states an be haraterized
by giving a string of integer numbers
|n1, n2, . . . nk〉
(these are the boundary states orresponding to the poles iνn1 , iwn2, . . .in the notation used
in [10, 13℄). The two stati solutions in innite volume orrespond to the ground state |〉
and rst exited state |0〉.
Let us rst treat the ase of Dirihlet boundary onditions. In [13℄ the authors introdue
the parity of a boundary state as the parity of the number of integer labels, i.e. of k. For
the two stati solutions, |〉 has even parity and the asymptotis of the solution is
Φ(x)→ 0 as x→ −∞ (3.3)
and |0〉 has odd parity with asymptotis
Φ(x)→ 2π
β
as x→ −∞ (3.4)
This an be extended to the general ase sine the boundary states |n1, n2, . . . nk〉 an be
obtained by binding solitons/antisolitons to the boundary in an alternating sequene. So in
general even states orrespond to ongurations with asymptotis (3.3), while odd ones to
(3.4). Sine the onguration on the strip must be ontinuous, we an infer that for states
ontaining no partile the only possible ombinations of left and right boundary states are
either even-even or odd-odd. This is exatly what was seen using trunated onformal
spae approah in [14℄.
If we look at states ontaining partiles, then an obvious extension of the above ar-
gument yields that states ontaining even number of solitoni partiles obey the same
mathing ondition for the boundary states, while those with odd number of solitoni par-
tiles obey the reverse (i.e. the boundary states at the two ends must have opposite parity
for these ases). This is meaningful beause topologial harge is a onserved quantum
number for Dirihlet boundary onditions.
The same seletion rules an be extended to any boundary onditions, whih is simple
to understand from the fat that the Dirihlet boundary ondition an be obtained by
taking an appropriate limit of the general one. This limit is given in terms of the Ghoshal-
Zamolodhikov [1℄ boundary parameters η and ϑ by taking ϑ → ∞, while the boundary
state spetrum only depends on η [10℄. As a result, it is natural to expet that seletion
rules on the strip must be left unhanged by undoing this limiting proedure. The
rule onerning states ontaining solitoni exitations an be meaningfully transferred to
the general ase (ϑ < ∞) beause topologial harge modulo 2 is onserved for general
boundary onditions as well.
7
x~1/m∆ x~1/m∆
x=0 x=L
+R1(k)e +R2(k)eikx −ik(x−L)ik(x−L)ee−ikx
Figure 3.1: Derivation of the lassial Bethe-Yang equation
3.2 Small osillations
We an now investigate small osillations around a stati solution. Putting
Φ(x, t) = φ(x) + ξ(x) exp(−iωt)
(where φ(x) is a stati solution) and linearizing in ξ(x) we obtain the following equations
of motion:
−d
2ξ
dx2
+ V ′′ (φ(x)) ξ(x) = ω2ξ(x)
∂xξ(x)|x=z = Mz β
2
4
cos
β
2
(φ(z)− Φz) ξ(z) , z = 0, L (3.5)
For Dirihlet boundary ondition at one (or both) ends we get that ξ(x) must vanish at the
appropriate boundary point(s). Inserting the general stati solution (3.2) one gets Lame's
equation of order 1, with linear boundary onditions for ξ(x).
For the moment let us only onsider the limit L → ∞. Sine in this limit the stati
bakground is exponentially lose to a superposition of two solitons loalized at the bound-
ary, we an apply the asymptoti solution of the semi-innite ase at any point x suiently
far from the boundaries (see Fig. 3.1). This means that the solution an be written in two
dierent asymptoti forms:
ξ(x) ∼ A (e−ikx +R1(k)eikx) as x is large
ξ(x) ∼ B (eik(x−L) +R2(k)e−ik(x−L)) as x− L is large
where R1(k) and R2(k) are the appropriate reetion fators alulated on the (semi-
innite) half line (2.5). The two asymptoti forms must math in any point x in the
middle
1
, whih gives two homogeneous linear equations for A and B. The ompatibility of
these equations requires that
R1(k)R2(k)e
2ikL = 1
1
Using standard quantum mehanis, the wave funtion ξ(x) and its derivative ξ′(x)must be ontinuous,
whih translates to the exat mathing of the two asymptoti forms for any value of x.
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This is the orret lassial limit of the Bethe-Yang equations for a state ontaining a
single rst breather (i.e. the fundamental partile) in sine-Gordon theory on a strip. This
general argument shows that the analysis of the small osillations around a stati solutions
must reprodue the orret semilassial limit of the state ontaining a breather between
the orresponding boundary states. Later we show this expliitly for a number of ases as
a onsisteny hek of our analysis.
We remark that one an similarly derive that for periodi boundary ondition and a
bakground ontaining a single soliton in nite volume L, the appropriate equation is
eikLSSB1(k) = 1
where SSB1(k) is the lassial limit of the phase shift sustained by B1 when sattered by
a soliton. The derivation in this ase proeeds by mathing the two asymptotis of the
sattered wave in a point of the nite volume far away from the loation of the soliton. It
is straightforward to hek that this relation is a onsequene of the formulae desribing
the small osillations around a solitoni bakground in [8℄.
4 Sine-Gordon model on the strip: Dirihlet-Dirihlet
boundaries
We start by onsidering the most simple type of boundary onditions whih preserves
integrability, namely Dirihlet boundary onditions on both end: the value of the eld at
the origin and at L are xed to be
Φ(0) = ΦD0 , Φ(L) = Φ
D
L
Using the various bulk symmetries of the model ΦD0 an be mapped into the fundamental
range
0 ≤ β
2
ΦD0 ≡ ϕ0 ≤
π
2
.
If we would like to desribe all the solitoni setors of this theory we have to onsider the
various boundary onditions
Φ(L) = ΦDL +
2π
β
n n ∈ Z
simultaneously, thus we will suppose that 0 ≤ ΦDL < 2πβ .
4.1 The ase ΦDL = 0
As a starting point we onsider the ase when ΦDL = 0.
For any n we have one and only one stati ground state, whih an be obtained by
integrating the rst integral of the stati equation of motion (2.2). In the language of the
lassial partile it means that the partile has to reah the top of the hill separating the
setors in nite time L as shown on the gure:
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−1
0
1 2
Clearly for this reason in any setor the energy of the lassial partile is positive (and
onsequently Cˆ > 0). For the setors 0,−1, . . . the veloity is negative while for 1, 2 . . .it
is positive. The atual form of the solution, φ(x) in the φ(L) = 0 (+) and φ(L) = 2π
β
(-)
setors are
x=0 x=L
0
ϕ
0
pi
2
pi
x=0 x=L
0
ϕ
0
pi
pi
2
mx =
∫ ϕ0
βφ/2
du√
sin2 u+ C
(+), mx =
∫ βφ/2
ϕ0
du√
sin2 u+ C
(−) where Cˆ = 2m
2
β2
C ,
and C an be determined uniquely from the boundary onditions and the width of the
strip l as
l := mL =
∫ ϕ0
0
du√
sin2 u+ C
(+), l =
∫ π
ϕ0
du√
sin2 u+ C
(−) . (4.1)
Note that the solution (+) is in the n = 0, while the (−) is in the n = 1 topologial setor.
One C is known, the energies of these solutions an be written as
E+(ϕ0, l) =
4m
β2
[∫ ϕ0
0
√
sin2 u+ Cdu− Cl
2
]
E−(ϕ0, l) =
4m
β2
[∫ π
ϕ0
√
sin2 u+ Cdu− Cl
2
]
(4.2)
In the large volume limit, l →∞, the solution has the form of a standing anti-soliton (+)
or soliton (-) with the orresponding energies. As 0 ≤ ϕ0 ≤ π2 the ase (+) forms the
ground state, while the ase (-) is an exited state. These solutions an be obtained by
parity transformation from the half-line results, sine the theory is dened on the positive
half-line.
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In order to analyze the small utuations around this bakground we rewrite them in
terms of Weierstrass's p(z) funtion. After a straightforward hange of integration variables
and an appropriate deformation of the integration ontour into the omplex plane the ase
(+) solution an be written as
xm =
∞∫
PD
dT√
4T 3 − g2T − g3
−
∞∫
Pφ
dT√
4T 3 − g2T − g3
,
where
PD =
1− C
3
− sin2 ϕ0; Pφ = 1− C
3
− sin2 βφ
2
,
and
g2 =
4
3
(1 + C + C2), g3 = − 4
27
(1− C)(1 + 2C)(2 + C).
Sine the integrals appearing here are the standard integral representations of p(z) [15℄
[16℄ we an write
Pφ =
1− C
3
− sin2 βφ(x)
2
= p(d−mx) , PD = p(d) . (4.3)
where
d =
∞∫
PD
dT√
4T 3 − g2T − g3
(4.4)
The solution, φ(x) in the other ase (-) is simply
Pφ =
1− C
3
− sin2 βφ(x)
2
= p(d+mx)
Sine C > 0 the roots of the ubi polynomial dening p(z) are
e3 =
−C − 2
3
< e2 =
1− C
3
< e1 =
1 + 2C
3
, (4.5)
thus the half periods of p(z) are [16℄
ω1 =
K(k)√
1 + C
, ω2 =
iK(k′)√
1 + C
, k =
1√
1 + C
, k′ =
√
C
1 + C
. (4.6)
Using the well known relation between p(z) and Jaobi's ellipti funtions [16℄ the lassial
solution φ(x) an be given expliitly. One nds from (4.3) in terms of the dimensionless
xm 7→ x variable
βφ(x)
2
=
1
i
ln
(√
1 + C (dn(d∓ x, k)± 1)
sn(
√
1 + C (d∓ x) , k)
)
. (4.7)
where d is determined from
cos2 ϕ0 =
1 + C
sn
2(d
√
1 + C, k)
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4.1.1 Innite volume limit: leading orretions
It is interesting to onsider the l → ∞ limits of the lassial ground state energies,
sine they are proportional to the lassial limit of the saling funtions (eetive entral
harge). Using (4.1) and the asymptoti expansion of ellipti integrals, we obtain the
asymptoti value of C:
√
C ∼ 4 tan ϕ0
2
e−l , l →∞ .
Plugging this into the formulae for E± (4.2), after some eort we obtain
E+ (ϕ0, l) ∼ 4m
β2
(
1− cosϕ0 + 4 tan2 ϕ0
2
e−2l
)
E− (ϕ0, l) ∼ 4m
β2
(
1 + cosϕ0 + 4 cot
2 ϕ0
2
e−2l
)
(4.8)
It is a very interesting hallenge to nd a quantum eld theoreti derivation of these
formulae following the general desription of nite size eets originally put forward by
Lüsher for periodi boundary onditions [2℄. This expetation is supported by the results
of [8℄, where, in the periodi ase a full agreement is found between Lüsher's results and
the infrared expansion (l→∞ limit) of the kink's lassial energy.
4.1.2 Stability analysis
In the semilassial analysis the eld is expanded, Φ(x, t) = φ(x) + ξ(x)e−iωt, around the
solution of the stati equation of motion, φ(x). The small osillations are investigated
in the approximation when both the equation of motion and the boundary ondition are
linearized. Introduing the dimensionless variable mx 7→ x the boundary onditions and
the equation of motion (3.5) take the following form:
d2ξ
dx2
+ 2 sin2
(
βφ(x)
2
)
ξ + p2ξ = 0 , ξ(0) = ξ(l) = 0, (4.9)
where ω2 = m2(1 + p2). Using the representation in (4.3), this an be rewritten as
d2ξ
dx2
− [2p(d∓ x) + a]ξ(x) = 0, a = −2
3
(1− C)− p2, (4.10)
whih is the standard form of Lame's equation with n = 1 (f. [17℄). The general solution
of this equation is known [18℄; if we introdue y = d∓ x and ξ(x)→ ν(y) then it is given
by
ν(y) =
1
σ(y)
[Aσ(y + α)e−yζ(α) +Bσ(y − α)eyζ(α)], (4.11)
where A, B are onstants, α is the solution of p(α) = a and
ζ(u) =
1
u
−
u∫
0
(
p(v)− 1
v2
)
dv, σ(u) = u exp


u∫
0
(
ζ(v)− 1
v
)
dv


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are Weierstrass's ζ and σ funtions. The two boundary onditions on ν impose the following
quantization ondition on p:
− σ(d∓ l − α)σ(d+ α)
σ(d∓ l + α)σ(d− α)e
∓2lζ(α) + 1 = 0 (4.12)
The algorithm giving the quantized momenta from (4.12) is the following: rst d and C
are determined from the boundary parameter ΦD0 . (In pratie it is simpler to treat C
as an input parameter and determine d and l from C). Then, using these values in the
logarithmi version of eqn. (4.12), one determines αn for eah integer n oming from the
substitution 1 = exp(2iπn). The n dependent momenta are nally given by
p2n = −
2
3
(1− C)− p(αn) (4.13)
.
Equation (4.12) (or its logarithmi version) should be onsidered as the (semi)lassial
version of the Bethe - Yang equation for the rst breather (fundamental salar partile)
in nite volume l. To support this interpretation we onsider the l → ∞ limit, whih we
implement by setting C to zero. Then e1 = e2 = 1/3, e3 = −2/3, and p simplies [16℄
p(u) = −2
3
+ coth2(u).
Therefore the equations determining α and d beome
cothα = ip , coth2 d = cos2 ϕ0 (4.14)
Furthermore in this ase ζ and σ an be written expliitly as
ζ(u) = −u
3
+ coth(u), σ(u) = sinh(u) exp[−u
2
6
].
In the asymptotially large l domain one nds from (4.12)
− ip− 1
ip+ 1
ip± cosϕ0
ip∓ cosϕ0 e
2ilp + 1 = 0 (4.15)
To obtain this we wrote d = d0+ i
π
2
in aord with (4.14), where tanh(d0) = − cosϕ0, sine
the asymptoti bakground is an antisoliton rather than a soliton standing in the viinity
of the x = 0 boundary. In fat we veried numerially that making the substitution
T = PD + iy in the integral (4.4) yields
d =
∞∫
0
idy√
4(PD + iy)3 − g2(PD + iy)− g3
= d˜0(C,Φ
D
0 ) + ω2(C),
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where d˜0 is real and the purely imaginary ω2(C) is equal - up to our numerial preision -
to the seond half period of p, whih, for C → 0 indeed ω2(C)→ iπ2 . In the same limit it
was also found that d˜0 → d0 with tanh(d0) = − cosϕ0.
As shown in appendix A the funtions multiplying e2ilp in eqn. (4.15) are the (semi)lassial
limits of the rst breather's reetion amplitudes on various Dirihlet boundaries with pa-
rameter ϕ0 in innite half spae. This onrms the interpretation of eqn. (4.12) as the
lassial limit of the nite width Bethe-Yang equation.
The essential dierene between the two ases in eqn. (4.12, 4.15) is that for the lower
sign - that orresponds to the bakground desribing the exited ground state - the funtion
multiplying e2lζ(α) (e2ilp) admits a pole, that for l → ∞ may be interpreted as a bound
state, while no suh pole is present for the upper sign - that orresponds to the ground
state bakground.
In the half line ase poles of the reetion funtions provide information on the disrete
spetrum, whih orresponds to exited boundary states. Now the potential poles ome
from the quantization onditions (4.12).
Certain poles of the funtions multiplying e2lζ(α) in the various quantization onditions
may orrespond to bound states of the nite width problem. Other poles of the same
funtions may desribe some kinematial singularities. The dierene between these two
types of poles is in the way they depend on the boundary parameters and on the width of
the strip: the potential bound state poles depend on both the boundary parameters and
on l, while the kinematial poles are independent of them. Furthermore the (semi)lassial
energy of the bound state in nite strip
ω = m
√
1 + p2 = m
√
1− 2(1− C)
3
− p(α) (4.16)
should go, for large l-s, to the lassial limit of the energy of the known bound state in the
half line theory.
Consider the quantization ondition (4.12). With appropriate signs in the arguments
the funtion appearing here has a potential bound state pole and the energy of the orre-
sponding bound state is
ωD = m
√
C + sin2 ϕ0. (4.17)
Note that for C → 0 (l →∞) ωD → m sinϕ0 indeed. The bound state is present only for
the exited, solitoni, bakground, whih is onsistent with the l →∞ asymptoti.
4.2 The general Dirihlet ase
Now we relax the ondition ΦDL = 0 and desribe the general ase. Keeping all the possible
setors of the theory we allow the Φ(L) = ΦDL +
2πn
β
boundary onditions. For any n we
have a setor of the theory. The stati ground states an be visualized in the language of
the lassial partile as shown on the gure
14
210
−1
For the setors labeled by −1,−2, . . . there exists a unique stati solution. The energy
of the partile is positive while the veloity is negative. For the setor 1, 2, . . . we have the
same statement: the stati solution is unique, the energy of the partile is also positive
just as is its veloity. The n = 0 setor is the most ompliated one. Here the energy is
negative but we do not have a unique stati solution. The two lowest lying stati solutions
orrespond to the following motions of the lassial partile:
B
ϕ
ϕ
0
l
A
2
βε
In the large volume limit l → ∞ the energy of the partile tends to zero from below
and the solutions have interpretations as two independent soliton and anti-soliton standing
at the two ends of the strip, i.e. we reover the solutions orresponding to two separate
Dirihlet boundary onditions orresponding to ΦD0 and Φ
D
L . In the ase (A) the solution
has asymptoti energy E+(ϕ0) + E+(ϕl) while for ase (B) it is E−(ϕ0) + E−(ϕl) (see
eqn. (2.3) for notations). Sine 0 ≤ ϕ0 ≤ π2 the ase (A) solution has lower energy if
ϕ0 < π − ϕl. We an restrit ourselves to this ase without loss of generality, sine the
other possibility an be desribed by parity transforming the strip and orrespondingly
inverting the time variable of the partile, whih exhanges the roles of the initial and
nal onditions. (Notie, however, that inreasing ontinously ϕl over π − ϕ0 the roles
of the two solutions, namely the ground state and the rst exited states are exhanged).
Now dereasing the volume the partile has less and less energy; when the kineti energy
beomes exatly zero at the one of the endpoints of the motion (ϕ0 or ϕl) then the (B)
type solution eases to exist and no suh solution exists for smaller volumes. At that point
a breather omes out from the boundaries and this time-dependent solution will follow
the energy line as it will be explained later. We an onlude that although there are
more stati solutions in this setor for general volume, only the one with the lowest energy
survives in the small volume limit.
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The mehanism desribed above is learly analogous to what was seen before in [14, 19℄,
where in a dierent onguration an exited boundary state ould deay in nite volume
by emitting a breather. The appropriate saling funtion was desribed by the Bethe-Yang
equation of a single-partile state ontaining a rst breather with zero momentum quan-
tum number below the ritial volume, and by ontinuing the rapidity of this partile to
imaginary values above the ritial volume. The phenomenon desribed above is somewhat
dierent, sine in this ase the two boundaries an be thought of as emitting a soliton and
an antisoliton, respetively, whih then ombine to form the breather inside the strip and
it is not obvious how to desribe it in terms of some Bethe-Yang equation as was done in
[14, 19℄.
4.3 n = 0 topologial setor: non monotoni bakground
4.3.1 (A) type solution
Now we onsider the SG model on a strip with Dirihlet boundary onditions at both ends
with:
0 < ϕ0 <
π
2
, 0 ≤ ϕl ≤ π − ϕ0, (4.18)
and onsider the ase (A) solution rst. In this ase, for suiently large l-s, the ground
state is given qualitatively by the superposition of a stati anti-soliton and soliton loated
in the viinity of the two boundaries:
x=0 x=L
pi
2
ϕ
l
0
pi
ϕ
0
2
βε
Therefore the solution rst dereases from ΦD0 to some minimal value ǫ then inreases
from ǫ to ΦDl and in these two domains it is given by slightly dierent expressions. Sine
∂xΦ must vanish at the turning point the integration onstant C is
C = − sin2(βǫ
2
) ≤ 0.
Using the dimensionless x variable the solution an be written as
x =
ϕ0∫
βφ/2
dv√
sin2 v + C
, ǫ ≤ φ < ΦD0 ,
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in the dereasing domain, while as
x = l− +
βφ/2∫
βǫ/2
dv√
sin2 v + C
, ǫ ≤ φ < ΦDl ,
in the inreasing one. Here we introdued
l− =
ϕ0∫
βǫ/2
dv√
sin2 v + C
,
and the turning point is determined by the width of the strip as
l = l− + l+ =
ϕ0∫
βǫ/2
dv√
sin2 v + C
+
ϕl∫
βǫ/2
dv√
sin2 v + C
, .
Note that l →∞ orresponds to ǫ→ 0. The lassial energy of the solution an be written
as
E =
4m
β2

 l
2
sin2
βǫ
2
+
ϕ0∫
βǫ/2
du
√
sin2 u+ C +
ϕl∫
βǫ/2
du
√
sin2 u+ C

 .
The large l limit of this energy has a simple interpretation as the sum of the energies of
the stati solitons/antisolitons onstituting the ground state.
In both domains the solution an be expressed in terms of the Weierstrass's p(z). The
dierene now is that sine C ≤ 0 the roots of the ubi polynomial dening p(z) are
e3 =
−C − 2
3
< e2 =
1 + 2C
3
< e1 =
1− C
3
, (4.19)
thus the half periods of p(z) are [16℄
ω1 = K(k), ω2 = iK(k
′), k =
√
1 + C, k′ =
√−C. (4.20)
In deforming the various integrals we also enounter the following expression
I =
∞∫
Pǫ
dT
g(T )
, Pǫ =
1− C
3
− sin2(βǫ
2
) =
1 + 2C
3
.
Sine
1+2C
3
= e2, and p(ω1 + ω2) = e2 thus I = ω1 + ω2. Therefore, dening di i = 0, l as
previously
PDi ≡
1− C
3
− sin2 ϕi = p(di),
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one an write
l = d0 + dl − 2(ω1 + ω2), l− = d0 − (ω1 + ω2), l+ = dl − (ω1 + ω2),
and the solution beomes
Pφ = p(d0 − x),
in the dereasing domain and
Pφ = p(x− d0 + 2(ω1 + ω2))
in the inreasing one.
Using the relation between p(z) and Jaobi's ellipti funtions [16℄ the lassial solu-
tion φ(x) an be given expliitly in this ase also. One nds from (4.3) in terms of the
dimensionless xm 7→ x variable
βφ(x)
2
=
1
i
ln
(
1± cn(d− x, k)
sn(d− x, k)
)
. (4.21)
where d is determined from
cos2 ϕ0 =
1
sn
2(d, k)
.
In the stability analysis the utuation equations are solved simultaneously in the two
domains by exploiting the p(u) = p(−u) and p(u+ 2(ω1 + ω2)) = p(u) invarianes. Using
the oordinate y = d0 − x the boundary ondition at x = 0 beomes
ν(d0) = Af(d0, α) +Bf(d0,−α) = 0, f(x, α) = σ(x+ α)
σ(x)
e−xζ(α).,
while at x = l one nds
ν(−dl + 2(ω1 + ω2)) = Af(−dl + 2(ω1 + ω2), α) +Bf(−dl + 2(ω1 + ω2),−α) = 0.
Non vanishing A, B exist only if the
e2lζ(α)
σ(dl − α− 2(ω1 + ω2))σ(d0 − α)
σ(dl + α− 2(ω1 + ω2))σ(d0 + α) = 1
ondition holds. Using the quasi-periodiity of σ(u) and an interesting identity [15℄ one
an write
σ(dl − α− 2(ω1 + ω2))σ(d0 − α)
σ(dl + α− 2(ω1 + ω2))σ(d0 + α) =
σ(dl − α)
σ(dl + α)
exp [4αζ (ω1 + ω2)]
=
σ2(α + ω1 + ω2)σ(dl − α)
σ2(−α + ω1 + ω2)σ(dl + α) (4.22)
and this onverts the quantization ondition into
e2lζ(α)
σ (d0 − l− + α)σ (dl − l+ + α) σ (d0 − α)σ(dl − α)
σ (d0 − l− − α)σ (dl − l+ − α)σ (d0 + α)σ(dl + α) = 1 . (4.23)
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The advantage of this form is that the l → ∞ limit (when also l± → ∞) an be arried
out easily using the asymptoti forms of the Weierstrass funtions desribed earlier.
As stressed earlier the solution desribed so far is valid for suiently large l. As l
dereases from innity ǫ inreases from zero, and the qualitative nature of the solution
hanges when ǫ reahes the smaller one of the two boundary values ΦDmin. Indeed l+
beomes zero when ǫ = ΦDmin and this partiular l0 is the smallest strip width when the
ground state solution has an extremum; for l < l0 the solution beomes monotoni and
there is only one domain. In this single domain the solution an be written as
x =
ϕ0∫
βφ/2
dv√
sin2 v + C
, or x =
βφ/2∫
ϕ0
dv√
sin2 v + C
where C > − sin2 ϕ0 and is determined by the width of the strip
l =
ϕ0∫
ϕl
dv√
sin2 v + C
or l =
ϕl∫
ϕ0
dv√
sin2 v + C
.
When expressed in terms of the Weierstrass's p funtion this solution again takes the
Pφ = p(d0 − x) form but l is expressed now as l = d0 − dl. The stability analysis in the
single domain leads in a straightforward manner to the quantization ondition
e2lζ(α)
σ(d0 − α)σ(dl + α)
σ(d0 + α)σ(dl − α) = 1, l < l0.
4.3.2 (B) type solution
Next we onsider the SG model on a strip with the same Dirihlet boundary onditions as
before
0 < ϕ0 <
π
2
, 0 ≤ ϕl ≤ π − ϕ0,
but look for the (B) type solution. In this ase, for suiently large l-s, the solution rst
inreases from ΦD0 to some maximal value χ =
2π
β
− ǫ˜ then dereases from χ to ΦDl and in
these two domains it is given by slightly dierent expressions.
x=0 x=L
pi
2
ϕ
l
0
pi
ϕ
0
βε
2
~
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Sine ∂xΦ must vanish at the turning point the integration onstant C is
C = − sin2(βχ
2
) = − sin2(βǫ˜
2
) ≤ 0.
Repeating the same steps as in the ase of the (A) type solution one easily obtains that
this solution is expressed as
Pφ = p(d0 + x), Pφ = p(x+ d0 + 2(ω1 + ω2))
in the inreasing (resp. dereasing) domain. The quantization ondition for the utuations
around this bakground is obtained by the di → −di i = 0, l substitution in eqn. (4.23).
This, in the lassial limit, leads to a hange of sign for the cosϕi terms.
The solution desribed here exists for suiently large l. As l dereases ǫ˜ inreases and
the existene of the solution omes to an end when ǫ˜ reahes the smaller one of the two
boundary values ΦDmin. In ontrast to the (A) type solution at this partiular l = lmin both
l+ and l− remain nite and the solution does not exist for l < lmin.
To understand this onsider the poles of the funtions multiplying e2lζ(α) in the quan-
tization ondition as funtions of l. For this exited ground state there are two bound
state poles, whih depend on both the boundary parameters and on l; the energies of the
orresponding bound states are given by (4.17) with the ϕ0 → ϕi i = 0, l substitution. It
is lear that one of the ωD's beomes zero at the minimal volume, i.e. when C beomes
C = − sin2 ϕmin. The appearane of this zero mode learly indiates the instability of the
underlying exited ground state solution and is in aord with the piture desribed at the
end of Setion 4.2.
4.4 The −1 topologial setor: monotoni bakground
Next we onsider the sine-Gordon model on a strip with DD boundary onditions hara-
terized by the same ϕ0 and ϕl boundary parameters as before. The fundamental range of
the boundary parameters is as in (4.18), whih desribes the zero harge setor. In the −1
topologial setor, the right boundary value of the eld an obtained from the value in the
zero harge setor by the following shift:
Φ(L) = ΦDL −
2π
β
.
In this ase, for suiently large l the stati ground state is the superposition of two
anti-solitons rather than the superposition of a soliton and antisoliton.
pi
2
0
pi
ϕ
0
x=0 x=L
lϕ  −pi
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Beause of the dierent signs, in the eetive point partile desription the partile has
to go over the maximum of −V (Φ) at Φ = 0. As a onsequene the integration onstant
C has to be positive C > 0 and the solution beomes monotoni.
In this ase there is no need to introdue l± and the two domains but to emphasize the
similarities between this ase and the previous one we dene
l− =
ϕ0∫
0
dv√
sin2 v + C
= ω1+ω2−d0; l+ =
π−ϕl∫
0
dv√
sin2 v + C
= dl−(ω1+ω2); l = l−+ l+.
Using arguments similar to the ase in subsetion 4.1.1, we obtain the following result for
the large volume asymptotis of the energy (i.e. the lassial limit of the saling funtion):
E (ϕ0, ϕl, l) ∼ 4m
β2
(
2− cosϕ0 + cosϕl + 8 tan ϕ0
2
tan
π − ϕl
2
e−l
)
(4.24)
It is easy to see that the leading orretion vanishes if ϕ0 = 0 or ϕl = π, whih is onsistent
with (4.8).
In both domains the ground state solution is given by Pφ = p(x + d0). Using this in
the stability analysis leads to the quantization ondition
e2lζ(α)
σ(d0 + α)σ(dl − α)
σ(d0 − α)σ(dl + α) = 1.
It is diult to ompute the l →∞ limit, as the bakground does not show expliitly the
presene of both anti-solitons. To irumvent this dene d˜0 instead of d0:
l− =
ϕ0∫
0
dv√
sin2 v + C
= d˜0 − (ω1 + ω2) = ω1 + ω2 − d0;
then, using the identity (4.22), the quantization ondition an be reast as
e2lζ(α)
σ(d˜0 − l− + α)σ(dl − l+ + α)σ(d˜0 − α)σ(dl − α)
σ(d˜0 − l− − α)σ(dl − l+ − α)σ(d˜0 + α)σ(dl + α)
= 1.
The C → 0+ limit, when all l, l± →∞ an now be omputed easily.
4.5 UV limit of ground state saling funtion
The l → 0 limit of ground state energy an be alulated simply by observing that in small
volume the energy funtional (3.1) is dominated by the kineti term
∫ L
0
1
2
( ∂xΦ)
2
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so the ground state solution (with Dirihlet boundary onditions) is simply
Φ = ΦD0 +
ΦDL − ΦD0
L
x
The energy of this solution is given by
1
2L
(
ΦDL − ΦD0
)2
whih agrees with the result from onformal eld theory (see formula C.7. in [19℄).
The fat that the ground state solution is unique in the UV limit is onsistent with our
earlier observation that one of two stati solutions that exist for large volume is destabilized
as the volume dereases.
5 Sine-Gordon model on the strip: mixed boundaries
Now we onsider a mixed three parameter family of integrable boundary onditions on the
strip: we assume Dirihlet boundary ondition
Φ(0) = ΦD0
at the lower end of the strip, while at x = L the perturbed Neumann boundary ondition.
Using the bulk symmetries of the theory ΦD0 an be mapped into the fundamental range,
while ΦL an be in the domain: 0 ≤ ΦL ≤ 4πβ and ML ≥ 0.
In this setion we onsider a simpler form of the general boundary ondition (SGB):
∂xΦ|L = δMLβ
2
sin(
βΦL
2
), δ = ±1 , (5.1)
depending only on theML parameter, whih is assumed to be non negative, and the positive
(negative) sign in front orresponds to hoosing ΦN0 =
2π
β
(ΦN0 = 0) respetively. Below
we sometimes onsider an even simpler ase when ϕ0 = βΦ
D
0 /2 = 0, alled Neumann type
(NT) problem.
5.1 Classial stati solutions
At x = L we may express Cˆ in terms of ΦL ≡ Φ(L) using the boundary ondition:
Cˆ = − (1−A−2) 2m2
β2
sin2
βΦL
2
=
2m2
β2
C, A−1 = MLβ
2
4m
.
Note that C is negative for A−1 ≤ 1, i.e. as ML grows slowly from zero but stays in the
[0, 4m/β2) domain. As (∂xΦ)
2
must be non negative, this may impose some restritions on
the lassial solution. In partiular at the x = 0 Dirihlet end
sin2 ϕ0 −
(
1−A−2) sin2 βΦL
2
≥ 0.
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Thus, for A−1 ≤ 1 in the NT problem (ϕ0 = 0) ΦL must stay either zero or 2π/β indepen-
dently of L, whih implies that the solution must be the onstant Φ(x) ≡ 0. (Note that
for A−1 > 1 this onlusion does not hold).
The lassial solution φ(x) is obtained from (3.2) by arefully orrelating the sign in
the boundary ondition with that originating in the square root:
mx =
∫ ϕ0
βΦ/2
du
R(u)
, δ = −1 (A) , mx =
∫ βΦ/2
ϕ0
du
R(u)
, δ = 1 (B) . (5.2)
Here R(u) is the positive root
R(u) =
√
sin2 u− (1−A−2) sin2 βΦL
2
=
√
sin2 u+ C,
and φ(x) < ΦD0 in (5.2 A), while φ(x) > Φ
D
0 in (5.2 B)
2
. The equation determining
φ(L) = ΦL in terms of the dimensionless length of the strip l = mL has the form
l =
ϕ0∫
βΦL/2
du
R(u)
, δ = −1 (A); l =
βΦL/2∫
ϕ0
du
R(u)
, δ = 1 (B),
in the two ases. In ase (A) l hanges from zero to innity as ΦL dereases from Φ
D
0 to 0.
The same happens to l in ase (B) as ΦL inreases from Φ
D
0 to 2π/β, if sin
2 ϕ0 > 1−A−2.
If, however, sin2 ϕ0 < 1−A−2, then, in ase (B), ΦL must be bigger than Φmin (βΦmin > π),
whih is obtained from
sin2 ϕ0 = (1−A−2) sin2 βΦmin
2
, (5.3)
and onsequently the solution exists only for lmin < l ≤ ∞.
The energy of these lassial solutions an be written in all ases as
E =
4m
β2

(1−A−2) l
2
sin2
βΦL
2
+ δ
βΦL/2∫
ϕ0
R(u)du+ δA−1 cos βΦL
2

 . (5.4)
Interestingly, the seond term is positive, while the last term, whih is the ontribution of
the boundary potential, is negative for large l-s for both the (A) and the (B) ases. For
asymptotially large l-s the energy has a simple interpretation as the sum of the energies
of the stati (anti)solitons building up the ground state. Indeed for the ase (A) say it is
Eas =
4m
β2
(−A−1 + 1− cosϕ0) ,
where the rst term is the energy of a speial perturbed Neumann soliton in the left half
spae while the seond and third terms give the energy of a Dirihlet antisoliton in the
2
In these onsiderations we always assume that 0 < ΦD
0
< pi/β.
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right half spae. The asymptoti expression of the energy in the (B) ase diers from this
only in the sign of the osine term in aord with the fat that now there is a Dirihlet
soliton in the viinity of the boundary at x = 0.
The energy of these lassial solutions as funtions of the dimensionless width of the
strip l was investigated numerially for a wide hoie of parameters ΦD0 and A. These
investigations showed that these E(l)-s are smooth funtions that tend rather rapidly to
their asymptoti values given above; for δ = −1 (ase A) this happened already at l ∼ 2
while for δ = 1 (ase B) at l ∼ 8 − 10. Furthermore these investigations revealed that
if for a given l both solutions exist then always (i.e. not only asymptotially) the energy
of the (A) type solution is the smaller. This fat is in aord with the idea that the (A)
type solution is the lassial ground state and the (B) type one is some sort of lassial
exitation.
Partiularly interesting is to ompare the energy E(l) of the (B) type solution of the
NT problem (ΦD0 = 0), when A−1 > 1 and that of the onstant Φ ≡ 0 solution. Atually
even in this ase the (B) type solution exists only for l ≥ lmin where
lmin = lim
βΦL→0
∫ βΦL/2
0
du
R(u)
= ln
√
A−1 + 1
A−1 − 1 (5.5)
At l = lmin the rst two terms vanish in the energy expression (5.4) thus E (lmin) =
4m
β2
A−1
whih is preisely the energy of the onstant solution. The numerial study showed that for
l > lmin E(l) is always smaller than this partiular value (see Fig. 5.1, where the ontinuous
line denotes E(l), x denotes its asymptoti value and the ◦ stands for the energy of the
onstant solution).
We an rewrite the solutions in terms of Weierstrass's p(z) funtion as (4.3) with d
given by (4.4). For 0 < A−1 < 1 the parameter C < 0 so the roots of the ubi polynomial
dening p(z) are given by (4.19) and the half periods by (4.20). In the ase when A−1 > 1
(C > 0) the orresponding expressions are given by (4.5) and (4.6). Using the relation
between p(z) and Jaobi's ellipti funtions [16℄ the lassial solution φ(x) an be given
expliitly. When C < 0 and 1−C
3
= e1 one has (4.21), while for C > 0 and
1−C
3
= e2 we have
(4.7). Finally we mention that in ase of the (B) type solutions one has to hange d−x to
d+ x in eqns. (4.3 ,4.21 , 4.7) to get the representation in terms of ellipti funtions.
5.2 Stability analysis of the NT problem
Before onsidering the more general ases we briey desribe the stability analysis of the
φ(x) ≡ 0 stati solution. This solution exists for all values of A−1, when A−1 < 1 this is
the only solution, when A−1 > 1 and δ = 1 then there is also an (5.2 B) type solution.
In the stability analysis we write Φ(x, t) = 0+ξ(x)e−iωt and linearize both the equation
of motion (
− d
2
dx2
+m2
)
ξ(x) = ω2ξ(x)
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Figure 5.1: E(l) in the NT problem with A−1 =
√
3/2
and the boundary onditions
ξ(0) = 0, ξ′(x)|L = δMLβ
2
4
ξ(L)
around φ = 0. In ase of the disrete spetrum we write ω2 = m2(1− ǫ2), then the general
solution of the linearized equation of motion is
ξ(x) = Aeǫmx +Be−ǫmx.
From the two boundary onditions it is found that A, B an be dierent from zero only if
ǫ− δA−1 tanh ǫl = 0 , l = mL . (5.6)
For δ = −1 this equation has only the ǫ = 0 solution and this implies vanishing ξ, thus
no instability of the lassial solution. For δ = 1 this equation has a nontrivial solution if
l > lcrit = A; for l → ∞ this solution tends to A−1: ǫ → A−1. If A−1 < 1 this implies
the existene of a bound state, while for A−1 > 1, when ω2 beomes negative at large l,
it means an instability. In the latter ase the instability starts at l0 where ǫ(l0) = 1, from
this ondition it is easy to show that l0 = lmin (f. eqn. (5.5)). This observation laries
the meaning of the instability at l > l0: it signals the transition from the onstant solution
to the (B) type one whih has a lower energy.
In the semilassial quantization [20℄ the energy of the boundary bound state assoi-
ated to the nontrivial solution of eqn. (5.6) is given by ω = m
√
1− ǫ2(l). Partiularly
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interesting is the l dependene of this bound state energy, for large l one nds from (5.6)
(0 < A−1 < 1)
ω(l) = m(
√
1−A−2 + 2A
−2
√
1−A−2 exp(−2A
−1l)), for l →∞.
This shows that the nite width of the strip gives an exponential orretion to the bound
state energy in the innite system. Based on our experiene with semilassial quantization
of boundary sine-Gordon theory in innite half spae we expet [9℄ that the (semi)lassial
limit of an exat, fully quantum omputation of the nite size orretion of the boundary
bound state energy would oinide with the expression above.
In ase of the ontinuous spetrum we write ω2 = m2(1+q2) whih onverts the solution
of the equation of motion into the sum of plane waves. The two boundary onditions now
impose the following `quantization ondition' on q:
1 + e2iql
q + iδA−1
q − iδA−1 = 0.
There are several things that should be remarked about this equation. First of all the
expression multiplying the exponential is nothing but the produt of the lassial limits
of the rst breather's (B1) reetion fators on a ground state Dirihlet boundary with
ΦD0 = 0 (whih is trivial ≡ 1) and on an SGB boundary. In fat δ = −1 orresponds to B1
reeting on the ground state boundary |〉, while δ = 1 and A−1 < 1 to B1 reeting on
the rst exited boundary |0〉 (see appendix A).
The seond remark about the quantization ondition onerns its relation to the nite
size orretion to energy of the boundary bound state. For this we reall that in innite
half spae the bound state shows up as a pole in the reetion amplitude at a purely
imaginary value of the rapidity and use the quantization ondition to determine the shift
of this pole for large but nite l-s. To this end we put q = sinh θ and ontinue θ to
pure imaginary values θ = iv. Furthermore, for A−1 < 1, introduing sin u = A−1 the
quantization ondition with δ = 1 beomes
1 + exp(−2l sin v)sin v + sin u
sin v − sin u = 0.
For large l from this equation we nd
v = u− exp(−2l sin u)2 sinu
cos u
+O(exp(−4l)),
and this implies that the leading orretion to the bound state energy is
m cos v = m cosu+m
2 sin2 u
cos u
exp(−2l sin u).
This of ourse oinides with the previous result, but now it is possible to interpret the
oeient of l in the exponent and the oeient of the exponential orretion in terms
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of the lassial limit of the reetion fator. In fat in these simple onsiderations the
lassial nature was never exploited, thus had we started with a (quantum) Bethe-Yang
equation for a single partile with a (quantum) reetion amplitude having a bound state
pole at v = u with residue iG we would have obtained for the bound state energy at nite
l
m cos v = m cosu−m sin u G exp(−2l sin u). (5.7)
We think that this expression is ompletely general and would give the leading nite size
orretion to the energy of any boundary bound state in the half line theory. We also
expet that a derivation of this formula must exist based on Lüsher's ideas [2℄.
5.3 Stability analysis
In the general ase we write Φ(x, t) = φ(x) + ξ(x)e−iωt, where φ(x) is the solution in (5.2
A,B). Introduing the dimensionless variablemx 7→ x the equation of motion take the form
as in (4.9) but with the boundary onditions:
ξ(0) = 0, ξ′(x)|l = δA−1 cos
(
βΦL
2
)
ξ(l),
For the (A) type solutions, using the representation in (4.3), this an be rewritten as (4.10)
for whih the general solution is given by (4.11). The two boundary onditions on ν impose
the following quantization ondition on p:
− σ(d− l − α)σ(d+ α)
σ(d− l + α)σ(d− α)e
−2lζ(α)−ζ(d− l) + ζ(d− l − α) + ζ(α) +Q
−ζ(d− l) + ζ(d− l + α)− ζ(α) +Q + 1 = 0 (5.8)
where
Q = δA−1 cos
(
βΦL
2
)∣∣∣∣
δ=−1
.
The quantization ondition for the utuations around the (B) type solutions is obtained
by making the d→ −d and δ = 1 substitutions in eqn. (5.8).
To support the lassial Bethe-Yang interpretation of eqn. (5.8) we onsider the l →∞
limit, whih is implemented by setting sin2 βΦL
2
(and onsequently also C) to zero and
perform the same alulation we did in the Dirihlet ase. Sine for l →∞ Q→ −A−1, in
the asymptotially large l domain one nds from (5.8)
− ip− 1
ip + 1
ip+ cosϕ0
ip− cosϕ0 e
2ilp ip +A−1
−ip +A−1 + 1 = 0 (5.9)
The asymptoti quantization ondition for the utuations around the (B) type solutions
is obtained by hanging the signs of cosϕ0 and A−1 in (5.9):
− ip− 1
ip + 1
ip+ cosϕ0
ip− cosϕ0 e
2ilp ip +A−1
−ip +A−1 + 1 = 0 (5.10)
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The important dierene between eqn. (5.9) and (5.10) is that the expression multiplying
the exponential in latter one admits suh poles that, for l → ∞ may be interpreted as
bound states while no suh pole is present in (5.9). The lassial energy of these bound
states is given by
ω1 = m sinϕ0, ω2 = m
√
1−A−2.
It is shown in appendix A that the expressions multiplying ei2lp in eqns. (5.9,5.10) are
the (semi)lassial limits of the rst breather's reetion amplitudes on Dirihlet and SGB
boundaries in innite half spae.
For the (B) type solution there are potential bound state poles in the quantization
ondition when 0 < A−1 < 1 oming from both the Dirihlet and the SGB ends. The
energy of the bound state assoiated to the Dirihlet boundary is given by eqn. (4.17),
while the energy of the bound state belonging to the SGB boundary (5.1) is given by
ωN = m| cos βΦL
2
|
√
1−A−2.
In this ase again ωD = 0 is obtained at the ritial value of l (lmin), when the stati
solution in question eases to exist sine then ΦL beomes Φmin thus C + sin
2 ϕ0 = −(1 −
A−2) sin2 βΦmin
2
+ sin2 ϕ0 = 0 in view of eqn. (5.3). The interpretation of this zero mode is
the same as in the DD ase (f. end of Setion 4.2).
6 General boundary onditions
Now we disuss the ground state and utuations in boundary sine-Gordon model when
on one of the boundaries the most general, two parametri boundary ondition, while on
the other the simplest Dirihlet b.. is imposed:
∂xΦ(x)|0 = −M0β
2
sin
(
β
2
(
Φ(0)− ΦN0
))
; Φ(L) = 0.
The integration onstant appearing in
1
2
(∂xΦ)
2 =
2m2
β2
(
sin2
βΦ(x)
2
+ C
)
an be expressed in terms of the parameters haraterizing the boundary ondition at x = 0
as
C =
(
A−1 sin
(
β
2
(
Φ(0)− ΦN0
))− sin βΦ(0)
2
)(
A−1 sin
(
β
2
(
Φ(0)− ΦN0
))
+ sin
βΦ(0)
2
)
.
Note that C ≥ 0 is neessary to guarantee that Φ′|L is real; we assume this in what follows.
Repeating the steps of the previous derivations it is easy to see that the dimensionless
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width of the strip determines now the χ parameter as 3
l =
βΦ(0)/2∫
0
du√
sin2 u+ C
.
The advantage of this form of C is that it makes obvious the asymptoti ( l → ∞) limit
of Φ(0): for this one must have C → 0 thus
Φ(0)→ Φ(0)±as, tan
βΦ(0)±as
2
=
A−1 sin βΦN0
2
A−1 cos βΦN0
2
± 1
.
In the following it is assumed that ΦN0 > 0 and Φ(0) > 0 thus Φ(0)
+
as is used as the
asymptoti limit.
The lassial ground state φ(x) an be written now as
1− C
3
− sin2 βφ(x)
2
= p(n− x); where p(n) = 1− C
3
− sin2 βΦ(0)
2
,
and the stability analysis leads in a straightforward way to the quantization ondition
σ(n− l + α)σ(n− α)
σ(n− l − α)σ(n+ α)e
−2lζ(α) Q˜− ζ(n) + ζ(n− α) + ζ(α)
Q˜− ζ(n) + ζ(n+ α)− ζ(α) = 1,
where Q˜ = A−1 cos β
2
(
Φ(0)− ΦN0
)
. The large l limit of this quantization ondition is
obtained by replaing the Weierstrass funtions with their C → 0 limits; this way, after a
long but straightforward algebra that involves some surprising anellations, one nds
e2ilp
ip− 1
ip+ 1
A−1 cos βΦN0
2
− p2 + ip
√
1 +A−2 + 2A−1 cos βΦN0
2
A−1 cos βΦN0
2
− p2 − ip
√
1 +A−2 + 2A−1 cos βΦN0
2
= 1.
Comparing with [9℄ one an hek that this is onsistent with the lassial reetion fator
on a general integrable boundary.
7 Conlusions
The aim of this paper is to provide some intuitive piture of boundary sine-Gordon theory
on a strip by investigating the lassial dynamis of the theory. First of all, it is observed
that a mathing rule exists in nite volume, meaning that not all ombinations of boundary
states are allowed on a nite strip. We have seen that this an be extended to all boundary
states (not just the ground states desribed by stati solutions) and the resulting rule is
perfetly onsistent with that observed in TCS approah.
3
This form is valid if χ > 0; for χ < 0 one should interhange the upper and lower limits of the integral.
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It was also established that in general for large values of the volume there are two
dierent lassial ground states, but under ertain onditions one of them is destabilized
as the volume is dereased. We disussed the nature of this instability and it turned out
that it orresponds to the appearane of a breather (of zero momentum quantum number),
formed by a soliton/antisoliton emitted by the left/right boundary (or vie versa). We
have shown that this behaviour perfetly agrees with the TCS spetra, and also with the
quantum Bethe-Yang equations. In partiular, for three ases we derived the asymptoti
form of the nite size orretion for the energy of the ground state (4.8,4.24), and we also
gave the leading orretion for a boundary exited state in (5.7). It is an interesting open
question to derive these (and similar formulae) from an extension of Lüsher's argument
(originally formulated for periodi boundary onditions in [2℄) to the strip. Work is in
progress in this diretion.
The results of the present work lay the foundations for a full semilassial quantization
of ground states on the strip, whih we leave for further investigations. Suh results ould
be used to test and omplete NLIE desriptions proposed for the desription of nite size
eets, both in the ase of Dirihlet [23, 24℄ and more general boundary onditions [12℄.
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A The lassial limit of B1 reetion amplitudes
In the general ase the reetion fator of the rst breather, B1, on the ground state
boundary |〉 is given by [21℄
R
(1)
|〉 (θ) =
(
1
2
) (
1
2λ
+ 1
)
(
1
2λ
+ 3
2
)
(
η
πλ
− 1
2
) (
iϑ
πλ
− 1
2
)
(
η
πλ
+ 1
2
) (
iϑ
πλ
+ 1
2
) , (x) = sinh
(
θ
2
+ iπx
2
)
sinh
(
θ
2
− iπx
2
) . (A.1)
Here θ is the rapidity of B1, λ = 8π
β2
− 1, while η, ϑ are the two parameters haraterizing
the bootstrap solution [1℄. (B1's reetion fator on the rst exited state |0〉, R(1)|0〉 (θ), is
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obtained from this expression by the substitution η → η¯ = π(λ + 1)− η [10℄). In [9℄ it is
shown that in the (semi)lassial limit λ→∞ one should sale the η and ϑ parameters
η = ηcl(1 + λ), ϑ = ϑcl(1 + λ),
and keep ηcl and ϑcl nite. Furthermore it is also shown, that as long as 0 < ηcl <
π
2
the
only potential pole in the ground state reetion amplitude is out of the physial strip thus
B1 annot reate a bound state on |〉. On the other hand B1 an reate a bound state on
|0〉 sine in the same semilassial limit R(1)|0〉 (θ) has a pole at ∼ π2 − ηcl, whih is in the
physial strip.
This analysis applies to both the Dirihlet ase  when the reetion fator is obtained
in the ϑ → ∞ limit of (A.1)  and the simpler general (SGB) one (5.1)  when the
reetion fator is obtained either by the ϑ = 0 (A−1 < 1) or by the η = 0 (A−1 >
1) substitution from (A.1). Using the relation between the bootstrap and Lagrangian
parameters [1, 10, 22℄, one nds in the Dirihlet ase
ηcl = ϕ0 =
βΦD0
2
,
thus as long as 0 < ΦD0 <
π
β
there is no bound state in the ground state reetion while
there is one in the reetion on |0〉. From the general expressions derived in [9℄ it follows
that in the SGB ase
cos ηcl = A−1 if A−1 < 1, and coshϑcl = A−1 if A−1 > 1.
Finally starting from (A.1) and using p = sinh θ instead of the rapidity one nds in the
(semi)lassial limit
DR
(1)
|〉 (p) =
ip− 1
ip+ 1
ip + cos ηcl
−ip + cos ηcl (A.2)
in the Dirihlet ase while
NR
(1)
|〉 (p) =
ip+ cos ηcl
−ip + cos ηcl or
NR
(1)
|〉 (p) =
ip + coshϑcl
−ip + cosh ϑcl (A.3)
in ase of the SGB boundary. The expressions for the limiting values of the reetion
amplitudes on the rst exited state are obtained by making the substitution ηcl → π−ηcl,
whih amounts to hanging the signs of the osine terms in eqns. (A.2,A.3). This ompletes
the interpretation of the expressions appearing in the asymptoti quantization onditions
(5.9,5.10).
B Numerial analysis of the quantization ondition
In this appendix we investigate numerially the dierene between the preditions of the
exat nite volume quantization ondition and the asymptoti (l → ∞) one to get an
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estimate on the auray of the latter. In the analysis we onsider the DD boundary
onditions with ϕl = 0 and the (+) ase only.
In the proedure (with a xed ϕ0) the input parameter is C, from this l and d are
determined rst, aording to (4.1) and (4.4), then, using them in the logarithmi version
of (5.8)
2lζ (αn) + log
(
σ(d− αn)σ(d− l + αn)
σ(d+ αn)σ(d− l − αn)
)
= 2iπn , (B.1)
αn is obtained, and nally the square of quantized momentum is found from (4.13). The
asymptoti quantization ondition is obtained from (B.1) by replaing the Weierstrass
funtions with their C → 0 (l →∞) limits desribed earlier; this way one obtains
2ilpn + log
(
(ipn − 1) (ipn + cosϕ0)
(ipn + 1) (ipn − cosϕ0)
)
= 2iπn . (B.2)
We arried out the numerial analysis with ϕ0 = π/6; the results for n = 1 are summarized
in the table below:
C l p2 p2
as
(π/l)2
0.4 0.757175 17.079765 16.876796 17.214972
0.1 1.287219 5.843204 5.774261 5.956549
0.01 2.376994 1.680518 1.671835 1.746801
0.001 3.523447 0.760057 0.759118 0.794994
0.00081 3.628742 0.716545 0.715781 0.749527
Here p2as is the momentum squared obtained from eqn. (B.2) and the last olumn shows
the momentum squared of a free partile. These result indiate that the preditions of the
asymptoti quantization ondition are very good estimates of the exat nite volume ones
even at intermediate strip widths. (Note that here l is measured in units of the fundamental
salar partile/rst breather mass l = mL while in TCSA studies it is usually measured in
units of the soliton mass l
TCSA
= ML = (M/m)mL = (M/m)l).
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